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1. Introduction 
The Fourier-Mukai transform was defined by Mukai as a functor from the derived category 
of an abelian variety to the derived category of the dual variety [ 191. In [ 1 I] and [ 161 it was 
shown that the Fourier-Mukai transform preserves the stability of vector bundles of zero degree 
on abelian surfaces; this is the algebraic version of the Nahm transform for instantons on tori 
[2’, 10.31. 
A Fourier-Mukai transform for sheaves on K3 surfaces was defined in [ 41; this maps sheaves 
on a K3 surface X to sheaves on a suitable component Y of the moduli space of stable bundles 
on X. Moreover, it was shown in [4] that this transform preserves (poly)stability. In differential- 
geometric terms, this means that under suitable conditions, instantons are mapped to instantons. 
Now, on hyperkshler manifolds of any dimension, one can generalize the notion of instanton, 
introducing the so-called quaternionic instuntons [2S, 231; for these one can state a generalized 
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correspondence of the Ward type. It is possible to define also in this case a Fourier-Mukai 
transform, and prove that this maps quatemionic instantons to quatemionic instantons. The 
proof of this property makes use of a Fourier-Mukai transform defined at the level of twistor 
spaces and involves the so-called Ward correspondence which relates instantons to holomorphic 
bundles on twistor spaces. The present work is devoted to describing this construction. 
Among the possible applications of this theory let us mention mirror symmetry for non- 
algebraic manifolds (cf. [ 181). 
Let us briefly summarize the contents of this paper. In Section 2 we describe the generalized 
Ward correspondence, which relates quatemionic instantons on a quatemionic Kahler manifold 
to holomorphic bundles on its twistor space; here we mainly (but not only) reproduce results 
given in [25,17,23,9,7], providing full elementary proofs. In Section 3 we define our generalized 
Fourier-Mukai transform and prove that it preserves the quatemionic instanton structure. The 
proof of this property basically relies on the good behaviour of twistor space with respect o the 
operation of taking products of hyperkahler manifolds. Finally, in Section 4 we provide some 
examples. 
2. Generalized Ward correspondence 
2.1. Twistor space 
We recall that a 4k-dimensional Riemannian manifold (M, g) is said to be a quatemionic 
Ktihler manifold (resp. a hyperkiihler manifold) if its holonomy group is contained in the group 
Sp(k) Sp(1) = (Sp(k) x Sp(l))/& (resp. Sp(k)). As general references for this section see 
[24, 8, 131. 
Given a quatemionic Klhler manifold, let p: Z + M be its twistor space. This can be 
defined as the sphere bundle of the rank 3 vector bundle W = P XG sp( l), where P is the 
holonomy bundle of M, and G the holonomy group, which acts on sp( 1) by its adjoint action. 
Any orthonormal basis of local sections of W pointwise defines a triple { Zi ) of complex structures 
in the tangent spaces TY M, which satisfy the quatemionic algebra 
Z; Ij = -6ij id + EijkIk. 
In terms of this trivialization one makes the identifications u = (x, z> and T, Z = TX M $ Tzp’, 
and the tangent space T,Z has the complex structure 
( 1 - zz ----II + 2+i 1 +zz -12+i- 1 +zz 2-zz3.z0 , 1 +zz > (1) 
where Ia is the complex structure of IP’ . The resulting almost complex structure of Z is integrable 
(if k = 1 one needs the additional assumption that M is half conformally flat). 
According to (l), the points u E Z, = p-’ (x) parametrize complex structures in T,M: the 
complex structure labelled by u is the one induced by the projection p*: T,Z + T,(,,M. If 
k = 1 all complex structures of TX M are recovered by varying u in Z,, while for k > 1 this is 
no longer true. 
A hyperkiihler Fourier trmsfimn 241 
On the twistor space there is a naturally defined antihomolorphic involution r : Z + Z which 
preserves the fibres of p. Its differential acts as 
r*(w, B) = (cr. L*(B)), 
where L is the antipodal map 1: IP’ + P’. This implies the identities 
2.2. Quaternionic instuntons 
The endomorphism C;‘=, Z; @I Ii of A’7;*M has real eigenvalues 3 and - 1, and correspond- 
ingly A’T;“M splits into the eigenspaces [17] 
9, 
A-r;*M = (et),Y 63 (e2L . 
The space (el ), 2 sp(n) admits the further identification 
(3) 
where AC%’ T,*M is the space of 2-forms of type (1,l) with respect to the complex structure in 
T, M parametrized by the point u E Z., . 
Definition 1. A rank IZ quatemionic instanton on M is a pair (E, V), with E a rank n complex 
smooth vector bundle on M, and V a connection on E such that its curvature at x E M takes 
values in (el),X @ End E,. 
By using the Hitchin-Kobayashi correspondence and a result by Verbitsky ([26, Th. 2.S]), 
one can easily prove the following characterization of quatemionic instantons as “hyper-stable 
bundles.” 
Proposition 1. A complex vector bundle on a h!perkiihler marCfold X is an irreducible yuuter- 
nionic instanton if and only it is a holomorphic stable bundle of degree zero with respect o an) 
Kiihler structure on X induced by the hyperkiihler structure. 
Remark 1. Contrary to what happens in the case of complex dimension two, in the higher 
dimensional case a line bundle on a hyperklhler manifold is not necessarily a quaternionic 
instanton. Indeed, its first Chern class may fail to be orthogonal to the three basic Kahler forms 
of x. 
2..?. The correspondence for hermitian instantons 
If (E. V) is a quatemionic instanton on M, because of (3), the pullback connection p*V 
induces a holomorphic structure on the pullback bundle F = p*E (so that (p*V)‘.’ = a, ). 
Then F is holomorphically trivial along the fibres of p. 
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We say that a quatemionic instanton (E, V) is hermitian if V is compatible with an hermitian 
metric h on E. These data allow us to equip the pullback bundle F with further structure. We 
define a bundle morphism C: F + F” by letting 
I. = (p*h)h, ~‘($2)). 
where the antiholomorphic bundle automorphism t’: F + F is the lift of the involution t. 
Then o is an antilinear antiholomorphic bundle isomorphism covering t , and induces a positive 
definite hermitian form on the spaces H”(Z, , F,). 
The map o is a real positive form according to Atiyah’s terminology [ 11. Thus, with any 
quatemionic instanton on M we may associate a holomorphic vector bundle on Z, holomorphi- 
tally trivial along the fibres of p, carrying a positive real form. 
Let us now describe the inverse correspondence. Let F be such a bundle on Z. By the triviality 
requirement, there is a bundle E on M such that F = p* E. Since two points et, e2 E E, may 
be regarded as elements in H”( Z, , F,), the real positive form cr induces an hermitian structure 
h on E. 
Let V be the connection on F uniquely determined by the compatibility with the holomorphic 
structure of F and the hermitian structure induced on F by cr (which obviously coincides with 
p*h). The connection V descends to a connection on E if and only if the curvature RQ is 
horizontal with respect to p. Let us briefly show that this is indeed the case. Let 3, be the ideal 
of the fibre Z,. As in [l] one can produce an isomorphism 
where 38 (3z/3, is the sheaf of holomorphic sections of F, (we adopt the customary convention 
to denote by a calligraphic letter the sheaf of sections of a bundle). 
Due to the isomorphism (4), we may choose in a neighbourhood U of Z, a basis {si} of 
holomorphic sections of F which restricted to Z, yields a unitary basis of holomorphic sections 
of F, . If wij is the matrix-valued connection 1 -form of V we have 
cop;’ E 3y2°3’(u), Wij + Wji E IJ:Sl’(U), (Si,Sj)-8ij EFJZ. 
By computing the local curvature forms we see that the curvature is horizontal. 
The induced connection V on E is compatible with the hem-titian metric h, and we need only 
to show that at each point x E M the curvature Rv of V takes values in (et), @ End E,. Now, 
the two-form (R,), is of type (1,l) at any point u E Z,, so that the two-form (Rv)x at x is of 
type (1,1) with respect to the complex structure on TX M parametrized by U. Since this happens 
for all u E Z,, eq. (3) implies that ( Rv)~ lies in (et),. 
We have therefore proved the following result. 
Theorem 1. There is a one-to-one correspondence between the following objects: 
(1) gauge equivalence classes of rank n hermitian quaternionic instantons on a quaternionic 
Kiihler manifold M, 
(2) isomorphism classes of rank n holomorphic vector bundles on the twistor space Z of M, 
holomorphically trivial along the jibres of Z, carrying a positive real form. 
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Remark 2. In [23] a similar result is proved, but instead of the condition of holomorphic 
triviality along the fibres of p, it is assumed that the holomorphic hermitian bundle (F. k) 
restricted to the tibres is flat. The equivalence of the two constructions is easily established. 
2.4. The non-hermitian case 
One can also produce a non-hermitian version of Theorem 1. Clearly. if (E, V) is a quater- 
nionic instanton on M, we may construct on Z a holomorphic bundle F, which is holomorphi- 
tally trivial along the fibres of p. We show how to recover the quaternionic instanton (E. V) 
from such data on Z (in particular now we have no real form at our disposal). 
We define a differential operator D: F -+ F @ St;” by letting 
D(s) = 5’ o a, o r’(s). 
Due to the identities (2), this operator satifies the Leibniz rule 
D(,fs) = af @s + ,fD(s), 
so that V = D + aP is a connection on F, compatible with its complex structure (in particular. 
since D’ = L!$ = 0, the curvature RQ of V is of type (1,l)). By the same argument as in the 
previous case, V descends to a connection V on E, such that (E. 0) is a quaternionic instanton. 
One has therefore: 
Theorem 2. There is one-to-one correspondence between the following objects: 
( 1) gauge equivalence classes qf quaternionic instantons of rank n on a quaternionic Kiihler 
mrrnifold M. 
(2) isomorphism clusses of holomorphic vector bundles of rank n on the twistor space Z of 
A4 which are holomorphically trivial along thejibre.s of Z. 
3. Fourier-Mukai transform 
3. I. Preliminaries 
In dealing with a transform of the Fourier-Mukai type on higher dimensional manifolds. 
wc restrict to hyperkahler manifolds. There are several reasons for doing so: on hyperkahler 
manifolds we can make full use of techniques from complex geometry; the product of two 
hyperkahler manifolds has a natural hyperkahler structure; and the twistor space Zx of a hyper- 
kahler manifold X is isomorphic to X x IF’ as a smooth manifold, a condition which we shall 
need in the sequel. 
This Fourier-Mukai transform will map quaternionic instantons on a compact hyperkahler 
manifold X to quaternionic instantons on a second hyperkahler manifold Y. We fix identifications 
of the spaces of complex structures on X on Y compatible with the hyperkahler structures with 
P’ The product X x Y carries a natural hyperkahler structure, and one can prove an isomorphism 
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of complex manifolds 
ZxxY 2: Zx XiP Zr 
where XPI denotes the fibre product. 
One has a commutative diagram 
fl zx - ZXXY t2 __f ZY 
PI I 4 1 I P2 
x7-T XXY K, Y 
where the horizontal arrows are holomorphic morphisms while the vertical ones are smooth 
morphisms. Moreover we denote by 
p]: z,y + P’, p2: zy + P’, rrr: zxxy -+ IP’ 
the holomorphic projections of the twistor spaces onto the projective line. 
3.2. IT conditions 
Let us now consider the case when the Fourier-Mukai transform gives rise to a vector bundle 
on Y. In this framework it is convenient o slightly generalize the usual definition of ITi sheaf. 
Let ‘J’ be a holomorphic vector bundle on the product X x Y. We recall that a coherent sheaf E 
is said to be IT; if Hk(X, 1 @ CPy) = 0 for k # i and for all y E Y, where 1p, = ?I,,I,,,. 
Definition 2. Let m = dime X, and fix a complex structure of X. We say that a coherent sheaf 
E on X satisfies the odd IT condition if 
Hk(X,E@iP,)=O forkeven, k=O ,..., m, andallyEY. 
We say that E satisfies the even IT condition if 
Hk(X,E@?iP,)=O forkodd, k=l,...,m-1, andallyfY. 
(5) 
(6) 
If E satisfies the odd IT condition, by the base change theorem the sheaves Rkn2,(n;E @ CP) 
vanish for k even, while they are locally free for k odd. Analogous considerations hold when 
the even IT condition is satisfied. For short we shall say that a sheaf “is IT” when it satisfies 
one of the IT conditions. 
Example 1. Let T,, T2 be algebraic two-dimensional tori, let T;“, T; be the dual tori, and set 
X = Tl x T2, Y = TT x TT. Denoting by Ipi and 9’2 the PoincarC bundles on Tl x T; and 
T2 x T,*, and by 9’ the Poincare bundle on X x Y (one uses the isomorphism Y 2 X*), we have 
an isomorphism 3’ 2 Ipt El ‘72. If Er and E2 are ITI bundles on Tl and T2 respectively, we set 
E = E 1 El 12; by using the Kiinneth formula one proves that for all y E Y the only nonvanishing 
cohomology group of E 8 ip, is 
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(here J = (~1, yz)), so that & is IT2 (and in particular satisfies the even IT condition). Moreover, 
if I I and Ez are stable of degree zero (but are not flat line bundles), E is the sheaf of holomorphic 
sections of a quatemionic instanton. 0 
3.3. Fourier-Mukai transform of quaternionic instantons 
Let now E be the sheaf of holomorphic sections of a quaternionic instanton (E, V) on X, and 
let (P. 0,) be an hermitian quatemionic instanton on X x Y. Let E and $ denote the sheaves of 
hulomorphic sections of the bundles p; E and q* P, respectively. After setting F = n* E ~3 P. and 
endowing the bundle F with the product connection, we denote by 3: the sheaf of holomorphic 
sections of F determined by the the complex structure I_ on X, : E IP’. If one sets 5 = r;i @ r?, 
there is an identification of holomorphic vector bundles $lrn-lC_) = 3:. 
We assume now that (E, V) satisfies one of the IT conditions (notice that this does not depend 
on the choice of a complex structure in X among all the complex structures compatible with 
the hyperkghler structure of X; in fact, the cohomology groups H’(X; x {y }, 3: Ix; x,J,) do 
not depend on the choice of z (cf. [26]; here X, is X with the complex structure :, i.e., X, = 
p ~’ (:I). According to the results of [3], the smooth vector bundle underlying the holomorphic 
bundle ei R’JT~,(~~) may be identified with the bundle f ind(D,), where D, is a family of 
Dirac operators; the plus (minus) holding when the even (odd) IT condition is satisfied. All 
the smooth hermitian bundles f ind(D,) are isomorphic, since all the operators DT D; have 
isomorphic (co)kernels, and will be denoted by f ind D. Furthermore, this bundle is endowed 
with a hermitian connection, which is compatible with all complex structures on X (see 141). 
We notice that, if u E Zy, then t;‘(u) = X,, with : = pz(u); therefore, we make the 
identifications ?ir;jCrrl = 31x;x,l,?CU)~. We then have: 
Lemma 1. [f E is IT, then 3 is IT with respect o t:! : Zxxy + Zy. 
Proof. It suffices to observe that H’(tI-I(u). gr2-l(U~) = H’(X,. ~Ix~~I~~J). 0 
We consider the following commutative diagram: 
where i; and j., are the natural holomorphic embeddings. 
The square on the left is Cartesian; indeed, X, x Y: = m-‘(z) and Y_ = P;‘(Z), so that 
Z XXY xzy Y, = tz-‘(YJ = x, x Y_. Therefore, although i, is not flat, we have natural maps 
p’: i_TR’t2,? -+ R’nz,3: (notice that j:? 2 3,). 
We remark that the smooth bundle underlying @; Ritz*(%) is f ind 0, where fi is a family 
of Dirac operators that. when restricted to X,, coincides with D:. Thus we have proved: 
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Lemma 2. The natural morphism Bi pi is an isomorphism of holomorphic hermitian vector 
bundles it @ji Ritz*3 2 pi R’n~*3~. 
Let us denote 3 = pi Rit2*3. For any z E P’ one has an isomorphism of smooth bundles 
(iz o p2)*goo 2: pz*(f ind 0). By applying the Riemann-Roth formula, it is easy to check that 
the restriction of !$O” to each IP’-fibre is trivial (indeed, cl (~“]tyJx~~) = 0 for any y E Y). In 
this way, we see that so0 is the pull-back of a smooth bundle on Y, which can be identified with 
f ind D. The pull-back of the hermitian connection on f ind D is a hermitian connection on 
9 -O”, which is compatible with the holomorphic structure of 5 by virtue of Lemma 2. This implies 
that 5 is holomorphically trivial along the fibres of the twistor projection p2. In particular,-as 
proved also in [4] by different methods-the smooth vector bundle f ind D carries the structure 
of a quaternionic instanton on Y. 
Summing up, we have proved: 
Theorem 3. Let (P, 0,) be an hermitian quaternionic instanton on X x Y and (E, 0) a 
quaternionic instanton on X which satisfies one of the IT conditions. Then ei R’n2,(n;E @ ‘3’) 
is the sheaf of holomorphic sections of a quaternionic instanton on Y. 
4. Examples 
4. I. Hyperkahler sur$aces 
Fork = 1 (i.e., in real dimension four) all orientable Riemannian manifolds are quatemionic 
Kahler, since Sp(1) Sp( 1) = SO(4). In this case the notion of quatemionic instanton reduces 
to that of instanton. If X is in addition a Kahler surface, instantons correspond to (poly)stable 
bundles of zero degree via the so-called Hitchin-Kobayashi correspondence. 
The only compact hyperkahler surfaces are tori and K3 surfaces. The case of tori has been 
dealt with in [ 191, [ 1 l] and [ 161. See also the next section. 
Let X be a K3 surface with an integral Kahler metric @. We choose a zero-degree line bundle 
L on X, and let Y be the moduli space of U(2) instantons (F, 0) on X, with det F 2 L and 
Q(E) = $1 (L)2 + 2. In [5] and [6] we show that these conditions can be actually satisfied, 
yielding a 2-dimensional moduli space Y which is nonempty and compact: then, according 
to [21], Y is a K3 surface. According to the general theory developed in the previous section, 
(EI, ?) is an instanton on Y (cf. [4]). 
If the instanton (E, V) is irreducible, i.e., there is no splitting E = E’ @ E” compatible with 
V, we may wonder whether the transformed instanton (,!?, ?) is itself irreducible. This issue 
turns out to be quite intimately connected with the invertibility of the Fourier-Mukai transform. 
We can prove the invertibility when X is a K3 surface of a special type, that we have called 
reflexive K3 surfaces; these form an 18-dimensional locus in the moduli space of K3 surfaces, 
and examples are provided by generic Kummer surfaces (endowed with a polarization different 
from the usual one). Let us briefly summarize the results proved in [4] and [5]. 
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Reflexive K3 surfaces are defined by the following requirements: 
(i) there is on X a Kahler form @ whose cohomology class H verifies H” = 2; 
(ii) there is on X a holomophic line bundle L whose Chern class e = ci (L) satisfies the 
conditions e . H = 0 and L2 = - 12; 
(iii) if D is the divisor of a nodal curve on X, one has D . H > 2. 
Let Y be the moduli space of irreducible instantons (F, 0) on X, with rk F = 2, det F 2 L. 
and cz( F) = -- 1 (so the condition 0(E) = ici (L)* + 2 is fulfilled). The moduli space Y is 
proved to be nonempty, and is isomorphic to X as a complex algebraic manifold [4]. Let U 
be the restriction of the Atiyah-Singer bundle [2] to X x Y, and let R be the curvature of the 
universal connection on U. One defines a Kahler form Qr on Y by letting [ 151 
@y = s n*@ A tr’51*. X 
We pick up the holomorphic U(2)-bundle Q on X x Y whose associated SO(3) bundle is 
isomorphic to U. In the algebraic-geometric picture the bundle Q corresponds to the universul 
sheaf& on X x Y, which in our conditions is locally free [4]. We normalize Q by the condition 
R’n2,(2 2 Oy. 
The idea here is to regard Y as the “dual variety” to X. The two manifolds, X and Y, are 
indeed in a symmetric relation, in that X itself turns out to be isomorphic to the moduli space of 
irreducible instantons (F, ?) on Y, such that rk F^ = 2, det F^ 2 2, and c2 (F*) = - 1, where 2 
is the holomorphic line bundle on Y fixed by the requirement hat cl (2) is minus the H*( Y. Z) 
part of cl (Q) (indeed, this condition is “symmetric” to the one that ci (L) is the H’(X. Z) part 
ot‘cl(Q,,. 
The product Y x X, with X regarded as a moduli space of instantons on Y, carries its own 
Atiyah-Singer bundle, and one shows that the corresponding universal bundle is no more than 
the dual vector bundle Q* [4]. Then we may define a Fourier-Mukai transform, mapping IT, 
bundles on Y to bundles on X, together with their connections. 
The following result is proved in [4] by algebraic-geometric techniques. 
Theorem 4 (Invertibility). If (E, V) is an ITI bundle with connection on X, then its Fourier- 
Mukui tmnsform (J!?, ?) is IT,. Moreover, the Fourier-Mukai transform of (E^, ?) is isomorphic 
to (E. V). 
Let (E, V) be an irreducible instanton on X, such that at least one of the following conditions 
is fulhlled: 
rkE # 2, det E 2 L*, ~2C~f-3 # -1. 
One then shows that (E, 0) is ITi [4]; by using the invertibility of the transform, it is easy to 
prove the following result. 
Proposition 2 (Irreducibility). The Fourier-Mukui transform qf (E, V) is an irreducible in- 
stunton on Y. 
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4.2. Algebraic tori 
Let T be an algebraic torus of complex dimension Zk, and let T* be the dual torus. P will be 
the Poincare bundle on the product. In this case we know that the Fourier-Mukai transform is 
invertible as a functor between the derived categories of T and T* [ 19,3]. The Chern character 
of the transformed bundle is 
chk-i(E) = ai(chi(E)), 
where aj : H2’ (T, Z) --+ H 2(k-i)(T*, IZ) is the isomorphism given by 
1 
fli(a> = ck _ ij! T Y 
s 
k-i 
a. 
Contrary to what happens for k = 1, in higher dimensions the Fourier-Mukai transform is not 
well-behaved on stable bundles. With reference to the same situation as in Example 1, consider 
for instance a stable rank-two vector bundle E on T, with vanishing first Chern class, and a 
flat line bundle L on T2. Since E is ITi and L is WIT2 by a Kunneth formula ([12, $6.7.8.11) 
one shows that the bundle F = E RI L on T, x T2 is WITs, and by considering its restrictions 
to subsets of the type T, x {x2] and {xl} x T2 one proves that it is stable. Its Fourier-Mukai 
transform 9 has rank &(E)ci (L)2 = 0, i.e., is a torsion sheaf. 
In conclusion, since the Fourier-Mukai transform maps irreducible quaternionic instantons 
on an even-dimensional torus to irreducible quatemionic instantons on the dual torus, we may 
say that the hyperkahler Fourier-Mukai transform provides the correct generalization to higher 
dimensions of the results holding in the case k = 1. 
4.3. Moduli spaces 
Let X be a K3 or abelian polarized surface, and let Y be a component of the moduli space 
of stable sheaves on X. Under suitable hypotheses, Y is a smooth projective variety and a fine 
moduli space parametrizing locally free slope-stable sheaves of degree zero [20]. In particular 
Y is a compact hyperkahler manifold, and on the product X x Y there is a universal bundle P, 
which is a quaternionic instanton (this follows from results given in [14]). Then the structure 
sheaf (3~ is IT,, and we may normalize Ip by the condition det R’n2,?’ = (3~. According 
to our previous results, the Fourier-Mukai transform 5 of Ox is a quaternionic instanton on 
Y, of vanishing first Chern class. This provides examples of low-rank quaternionic instantons ,. 
on hyperkahler manifolds. For instance, we have rank3 = - ch2 when X is a torus, while 
rank? = -2r - ch2 when X is a K3 surface (in both cases r and ch2 are the rank and the 
second Chem character of the sheaves parametrized by Y). 
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